Abstract. In this paper, we study stability for harmonic foliations on locally conformal Kähler manifolds with complex leaves.
This is an analogue of the theorem "a holomorphic map between two Kähler manifolds is stable as a harmonic map" (see also Corollary 1.2 below), where harmonicity for a foliation F on a Riemannian manifold (N, g N ) is defined by Kamber and Tondeur in [6] as the harmonicity of the canonical projection π from T N onto the normal bundle Q for the foliation F . The key of the proof of Main Theorem is the compatibility of the complex structure with the connection on the normal bundle of the foliation (see Lemma 3.1) .
A locally conformal Kähler manifold (M, J, g M ) is called a Vaisman manifold if the associated Lee form is non-exact and parallel with respect to the Levi-Civita connection. Although many interesting Vaisman manifolds such as Hopf manifolds are known, some locally conformal Kähler manifolds (e.g. some Inoue surfaces) admits no Vaisman structures (cf. Ornea [9] , Dragomir and Ornea [2] , Belgun [1] Acknowledgement. The authors wish to thank Professor Yoshihiro Ohnita for valuable suggestions and advice. Many thanks are due also to the referee for his careful reading of the paper and for his numerous suggestions.
2. The Jacobi operator and a stability of harmonic foliations.
Let (N, g N ) be an n-dimensional compact Riemannian manifold and let F be a foliation given by an integrable subbundle L ⊂ T N . We define a torsion free connection
where σ : Q → T N is a splitting such that σ(Q) coincides with the orthogonal complement L ⊥ of L in T N with respect to g N . If the normal bundle Q is equipped with a holonomy invariant fiber metric g Q , i.e.
There is a unique metric g Q for an R-foliation with a torsion free connection ∆ on the normal bundle Q. A Riemannian metric g N on N is called a bundle-like metric with respect to the foliation F if the foliation becomes an R-foliation in terms of the fiber metric g Q induced on Q.
For a foliation F on a Riemannian manifold (N, g N ), the curvature R
which is a symmetric bilinear form. We define the Ricci operator ρ
, where g Q denotes the holonomy invariant metric on Q. In terms of an orthonormal basis e p+1 , . . . , e n of Q x at some x ∈ N , we have (ρ
and so forth. Then we have the following fact (Kamber and Tondeur [7, 3.3] A foliation on a Riemannian manifold is said to be harmonic if it satisfies (i) or (ii) above.
We next study first and second variations of R-foliation F on a compact Riemannian manifold (N, g N ) with bundle-like metric g N . We define the energy of the foliation F by
where π is the canonical projection from T N onto Q and is considered as a Q-valued 1-
To obtain the second variation, we need a 2-parameter variation F s,t of F 0,0 = F defined locally as Φ α s,t , where
The second variation formula is now given by
where R ∆ and ρ ∆ are the curvature and the Ricci operator for Q, respectively. For a harmonic foliation F , we have
where
is the Jacobi operator of F . Note that the Jacobi operator J ∆ is a self-adjoint and strongly elliptic with real eigenvalues Note that this definition makes sense for the case of harmonic foliation F with bundle-like metric g N , because if g N is not bundle-like, then the equality (2.3) does not hold in general.
Definition. The index of a harmonic foliation F is defined by index(F ) =

Harmonic foliations on locally conformal Kähler manifolds.
The purpose of this section is to prove Main Theorem in Introduction. The following lemma is crucial in our approach: 
where θ = ω • J and A = −JB. Then if X ∈ Γ (σ(Q)) and Y ∈ Γ (Q), we have
On the other hand, if X ∈ Γ (L) and S ∈ Γ (Q), by Proposition 2.2 of Dragomir and Ornea [2] (cf. Vaisman [14] ), we have [X,
and this completes the proof of the lemma.
We define a linear differential operator D :
Proof of Main Theorem. It suffices to show
for all V ∈ Γ (Q). Let {e 1 , . . . , e n , f 1 , . . . , f n } be a local orthonormal frame such that 
On the other hand, DV, DV is written as
We also observe that
, then the following computation of div(X) together with M div(X)v M = 0 allows us to obtain (3.5):
Now by (3.4) and (3.5), we have
because the foliation is involutive satisfying
where π ⊥ = id − π. Furthermore, for p + 1 i n, the Bianchi identity shows that
Thus, by (3.3), (3.6), (3.7) and (3.8), we obtain the required identity (3.2) as follows: 
